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Stability of monomer-dimer piles
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We present an experimental and theoretical study of piles consisting of monodisperse spherical grains mixed
with a weight fractionvy of dimer grains made by the rigid bonding of two such spherical grains. The
maximum static angle of stability t@g of the pile increases from 0.45 to 1.1 and the grain packing fradtion
decreases from 0.58 to 0.52 ggis increased from 0 to 1. The stability of these piles appears to be controlled
by the grains sitting on the surface, which roll out of their local “traps” as the tilt angle is increased. We
attribute the increase in ta(vy) to the enhanced stability of dimers on the surface, such that at higher tilt
angles, there are sufficiently many stable surface traps available to accommodate the reduced density of
monomers on the surface. A full characterization of the grain-scale roughness of the surface is required to
quantitatively account for the changesdpwith vy .
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[. INTRODUCTION grains. We have specifically chosen dimer grains and have
avoided introducing other shapes in order to facilitate a com-

The stability of sandpiles against gravitational failure is aparison between the measurements and the theoretical pre-
problem of long-standing interest. In particular, the shape ofliction of 6, which relies upon a description of spherical
the constituent grains is known to strongly influence the stagrains in the sublayer immediately below the surface grains.
bility of the pile, specifically the maximum static angle of ~ From our detailed theoretical and experimental study of
stability of the sandpile before failure, known as the criticalthe failure mechanism of such piles, we draw the following
angle, 6, [1]. Studies in this area to date consist mainly ofkey observations and conclusions, which enable us to quan-
experimental and numerical simulation work, mostly in two- titatively account for the increase i, as the dimer grain
dimensional systems, which report observations for widelyweight fractionvy in the pile is increased.
varying shape parameters, with little or no quantitative (i) For piles consisting of perfectly rough graifisrge
analysis of the origin of the variation id, with particle intergrain friction, the stability of the free surface upon tilt-
shape and composition. ing is limited by the grains on the surface layer, which fail by

Albert et al. [2] computed the value foé, for a pile of  rolling out of the surface traps they occupy.
monodisperse spherical grains through a surface failure cri- (i) For a given surface trap geometry, dimer grains typi-
terion. In this picture, each sphere on the surface sits insideally remain stable up to larger tilt angles; thus, for a mixture
the depression formed by three spheres in the layer immedpf monomers and dimers, pile stability is limited by the
ately below, which we henceforth call a “surface trap.” As monomers on the surface, provided that the dimer concentra-
the surface of the pile is tilted, the sphere rolls out of its traption is not too large.
at an angle determined by the shape and orientation of the (iii) When individual grains rolling out of unstable traps
triangle connecting the centers of the three supportinglo not initiate avalanches, the pile remains stable as long as
spheres, which we call a “base triangle.” Albest al. only  the density obtablesurface traps is larger than the density of
considered spheres rolling out of traps formed by a perfectnonomers on the surface layer.
close-packed triangular lattice of identical spheres, and did (iv) The ratio of the density of monomers on the surface
not study any other grain shape. layer to the total density of surface traps is14)/2.

For disordered packings of spheres, the base triangles that (v) A statistical characterization of the grain-scale rough-
form the surface traps in which the surface grains sit have aess of the surface associated with grain packing is necessary
distribution of orientations expressed in tilt, yaw and roll to determinef, quantitatively.
angles, as well as a distribution of edge lengths. These dis- The computed increase #}, as a function ofvy, which
tributions can be considered to characterize a “grain-scaléas no adjustable parameters and relies on independently
roughness,” which has a significant influence on the stabilitymeasured characteristics of grain-scale roughness, compares
properties of the overall pile. In this paper, we introduce afavorably with experimental measurementsdpin sandpiles
general framework that can address the disordered nature ofade by mixing a weight fractiomy of dimer grains into
the shape and orientation of traps, as well as the stability o$pherical monomer grains, up t@~0.6, where the assump-
dimer grains(formed by the rigid bonding of two of the tion of monomer failure begins to break down. The measured
spherical grainsin addition to the sphericalmonomey  tand.(v4) gradually increases over the entire range of O

<wvy<1, despite a moderate drop in the total packing frac-
tion of grains,®, within the pile, due to the more inefficient
*Present address: Department of Physics, University of Massgpacking of the dimers. Note that although traditional Cou-
chusetts, Amherst, Massachusetts 01003. lomb failure analysis relateg, to anangle of internal fric-
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tion [3], the failure mechanism in this instance is associated
with the rolling of surface grains, and in fact the intergranu-
lar friction coefficientu is assumed large enough to preclude
sliding, in which casef, becomes independent @f (see
Sec. llIIA).

This good agreement over a wide range1g& 0.6 re-
flects the subtle interplay between the distribution of trap
orientations and sizes, some of which are stabilizing and
some destabilizing. The results convincingly demonstrate
that the flow stability of cohesionless grains with large inter-
grain friction is indeed controlled by surface failure, and N -
should otherwise be insensitive to the type of grain material. ~F!G. 1. Measurement of the critical angle of stabilif.

The rest of the paper is arranged as follows: In Sec. II, we
present the experimental method for preparing the dimer angheniscus between the spheres. After less than one day of
monomer grains, measuring the critical angle of stability andirying, a strong shear-rigid bond between the spheres is
grain packing fraction of the pile as a function of the dimerformed. The volume of the dried glue is much smaller than
content, and characterizing the surface configuration ofhe volume of the spheres, so the two bonded grains have the
monomer and dimer piles. The results of these measuremenigpearance of an ideal dimer or doublet. Because the glue
are also reported in this section. The development of theoats the entire surfaces of the grains and may thus alter the
theoretical understanding of these results starts in Sec. lll, ifriction coefficient of the grains, we have likewise coated all
which the stability of a pilgof spherical grainsis posed as the monomer grains with methyl acrylate so that the friction
a geometrical problem. Here we summarize an earlier atcoefficient at the contact points between grains, whether
tempt to treat pile stability geometricall2] and present a monomers or dimers, is identical. The sandpiles are prepared
different and more general strategy for the solution, whichpy mixing together varying weight fractionsy of dimer
can be extended to include dimer grains. In Sec. IV, we USgrains into monomers, as determined by a balance. The mix-
this approach to fully solve the stability problem for mono- tures are placed in a clear plastic box having a square bottom
mers and dimers on a triangular close-packed surface layefat is 6.5 cm wide and a height of 5.5 c¢m, yielding an
Section V presents a statistical analysis of the measuregverage number of spheres per pile of about 300.
shape and orientation of traps on real surfaces of piles com- To measure the critical angle, we employ a procedure that
prised solely of either monomers or dimers, and uses thg identical to one that was used to study the critical angles of
method outlined in Sec. Ill to determine the correspondingyet sandpileg4]. We tilt the box at an angle, as shown in
solution to the stability angle. In Sec. VI, we present anrig. 1(a), and shake it back and forth about five times along
interesting connection between the monomer-dimer pileshe direction of the lower edgéormal to the page in the
studied here and earlier work on wetted monomer sandpileggure). This distributes the grains so that the surface of the
where the amount of added fluid is not sufficient to wet all ofpjle is normal to the direction of gravity. There is no notice-
the intergrain contacts effectively. Finally, in Sec. VII, we aple size segregation of the grains introduced by the shaking.
summarize the main findings and insight gained from thisye have purposefully avoided tapping the pile in order to
study, as well as potential future directions. prevent a densification that could affect the pile’s surface
characteristics and stabilif]. We then place the lower edge
of the box on a table and slowly tilt it so that the bottom rests
flat on the table and normal to the direction of gravity. If the

We perform three types of experiments to study how thepile fails catastrophically, then no measurement is recorded,
characteristics of a granular pile change when dimers arbut if the pile remains stable after only isolated movement
added to a monomer pile. First, we measure the critical anglend the resettling of a few grains, then a measurement of the
of a pile as a function of the relative dimer fraction from pure static angle of the pileg, is recorded, as shown in Fig(h.
monomer spheres to pure dimer doublets. Second, we medfter several trials, a rough determination of the stable angle
sure the bulk packing volume fraction of the grains in theis obtained, and thereafter the initial angles are not chosen
pile. Third, we perform stereoimaging of the pile’s surfacerandomly, but instead are kept close to this value. Using the
before failure in order to obtain the coordinates of the centersesults of ten trials, we average the values of the three largest
of the surface spheres. From this, we extract a statisticaingles to obtain the critical angl . This value of the criti-
description of the distribution of the spatial and angular ori-cal angle is reproducible; the variation in the three angles
entation of the traps. used to obtain the average is about 10% for all values,of

We prepare the dimer grains by bonding glass spheres dfhis procedure yields a slightly larger angle than the typical
radiusd=4.6=0.2 mm and densityy=2.3 g/cnt together  angle of reposed;) measurements in which the sandpile has
using methyl acrylate glue. This relatively large grain sizebeen induced to fail.
has been chosen in order to facilitate the bonding and also Figure 2 depicts), as a function ofvy. We find that it
the measurement of the pile’s surface structure through stéacreases approximately linearly, from téy~0.45, a well
reoimaging. The glue in its carrier solvent completely coatsestablished value for a wide variety of dry spherical grains
the surfaces of the glass spheres and accumulates in a contg2}, to tanf,~1.1 for a sandpile comprised completely of

(a)

II. EXPERIMENT
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FIG. 2. The critical angle of stabilityj. , as a function of dimer
weight fractionvy .

dimers. Although our system is comprised of relatively few
grains, we are able to obtain the same critical angle for pure
monomers as has been previously observed for piles of much
smaller spherical grains. Thus, our critical angle measure-
ments are not strongly biased by finite size effects and can be
meaningfully compared with a theory.

We have also measured the average packing volume frac-
tion of grains,®, in the sandpile as a function ofy, by
measuring the mass of water required to fill the voids in the
pile as it stands in the tilted configuration shown in Figa)1
Due to the presence of excess pore space near the walls, this i 4. (Color onling Reconstructed positions of spheres at the
procedure underestimates the true bulk valueboby an  surface of a pile consisting aB) monomers andb) dimers. The
amount proportional to the surface-to-volume ratio of thetechnique used can identify the spheres, but not the bonds of the
packing. We estimate this procedure to yield a measdred dimers, thus only half of a dimer might be shown in some cases.
that is about 2% smaller than the corresponding bulk valueHowever, that information is not needed in the subsequent analysis
These measurements df(v,) are plotted in Fig. 3. The in Sec. VB.
overall reduction in the packing fraction of about 10% indi-
cates that dimer grains pack less efficiently than monomesurface roughness of the piles, especially in the case of the
grains. dimer pile, we occasionally detect the position of a sphere

In order to experimentally characterize the surfaces othat lies more than one diameter below the average surface
random piles of either monomer or dimer grains, we havejefined by all the grains. These spheres are not true surface
taken stereodigital images of stable piles using top and fronépheres and are eliminated from consideration in the subse-
views in order to reconstruct the three-dimensional coordiquent surface trap analysisee Sec. V B
nates of the centers of all of the spheres visible on the sur- The measured positions of the surface spheres for a stable
faces of the piles. We do not include Spheres that touch wallgjyonomer p||e and a dimer p||e are shown in F|g@)4§lnd
or the bottom surface of the container. Due to the significaniy(b), respectively. The monomer pile shown is very close to

its critical angle of stability §=23°), whereas the dimer
0.6 —— 1 pile shown here, while at a much higher angie=(41°), is
still somewhat below it9.. Finally, we have qualitatively

0.58¢ J observed that the roughness of the sandpile’s free surface
increases somewhat as more dimers are included in the pile.
0.56 J This increase has been quantified in terms of larger varia-

o ] tions in the shapes and orientations of the surface traps, as
presented in Sec. V B.

0.541 .
0.52f . Ill. PILE STABILITY AS A GEOMETRICAL PROBLEM
0.5 | | ! . , , A. Background and context

0 02 04 v, 06 08 ! Various measurements of the angle of repase,for co-
hesionless piles of smooth spherical particles come up with
FIG. 3. The packing fractiod as a function of dimer weight the same value of about 22°, largely independent of the

fraction v makeup of the spheres or of their surface propef2¢sOn
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25 T T T this surface controlled value, as observed in Fig. 5.

A recent attempt at a theoretical determinatiorfgfrom
the perspective of surface stability was made by Albert and
co-workerd 2]. They have considered the stability of spheres
at the surface, supported by three close-packed spheres that
form a base triangle, and calculated the tilt anglg,, at
which the sphere would roll out of the trap formed by the
base triangle as a function of yas, i.e., the relative angle
of orientation of the triangle with respect to the downslope

direction:
0" i ; : 1 .
H tanﬁma>&¢)=m. |¢|<§, (1)
FIG. 5. Angle of repose for a pile of spheres with Hertzian
contact interactions and static friction as a function of friction co- Omad @) = Omax ¢+ 27/3). 2

efficient w betweeen the spheres, obtained from granular dynamics

simulations, by.extrapolat.ing flqw rates as a function of tilt apgle to.l.his stability criterion is periodic with period 2/3 due to
[27eré]> flow. Details of the simulation technique can be found in Refs'symmetry. Yawe=0 corresponds to an orientation in which

o one of the edges of the base triangle is perpendicular to the
. . . downslope direction. In order to account for the randomness
the other hand, the shape of particles in a pile has a largf the orientations of the base triangles on a disordered sur-

influence ond, and the slightly larger critical anglé. [6]. face, they have suggested that the appropriate valu@for

Furthermore, our granular dynamics simulations of pllesCan be obtained by averaginy,,, over yaw ¢: they as-

made of spheres with Hertzian contacts and static frictiony, e 5 uniform distribution for this quantity. This yielded a

show thatd, initially increases rapidly with increasing fric-  a1e for g, that closely matched experimental observations.
tion coefficientu, although it saturates at a value of about

22° for u>1 (see Fig. 5.

These observations suggest a primarily geometrical origin
for the robustness of. for perfectly rough spheresu( As already pointed out by its authors, the calculation in
>1), which can be further studied in an idealized system irRef. [2] represents a mean-field approximation, since it ig-
which sliding is disallowed, due either to a very large friction nores variations in the shape and orientation of individual
coefficient or to interlocking surface irregularities. The surface traps, which can be parametrized by their local tilt,
spheres in such a static pile can be classified into two groupgaw, and roll angles, and the actual edge lengths of the base
as follows: A surface layer that consists of spheres held inriangles. (For definitions of the these parameters, see the
place by exactly three spheres and their own weight, andppendix) Nevertheless, their result is in good agreement
interior spheres that have more than three conté@é¥e.do  with experiments. We will address the dependence of the
not consider the small population of “rattler” spheres with stability of a surface trap on some of these additional param-
three contacts that might exist in the interior of the pile,eters in more detail in Sec. V A.
which will presumably not influence the stability of the pile. There is, however, a more serious complication with the
The centers of the three spheres that support each spheredneraging approach than the neglect of disorder: The stability
the surface layer form the vertices of the base triangle ass@f the pile requiresall particles on the surface to be stable.
ciated with that sphere. As detailed in the Appendix, theThus, the stability of the pile should be dictated by the par-
shape and orientation of the base triangle can be paranticle in theleast stablesurface trap, and not an average sta-
etrized by the lengths of its edges and three anglaw, roll,  bility criterion. One might thus wonder why the averaging
and tily. approach appears to work so well.

As the tilt angle of the pile is increased, spheres on the In fact, for a pile of monomers, the number of base tri-
surface layer can move by rolling out of the surface trapangles forming potential surface traps is essentially twice the
formed by the three supporting neighbors. However, interionumber of surface particles that actually reside in them. This
particles (excluding rattlers are held in place by a cage is easy to see in the case of close-packed layers, where each
formed by their contacting neighbors, and if the friction co-successive layer to be placed on top has a choice among two
efficient is sufficiently large to preclude any sliding, they sublattice positions; this is what gives rise to random stack-
cannot move until this cage is destroyed by the motion of aing.
least one of their neighbors. This suggests that initiation of The relationship is actually more general. If the surface of
failure occurs at the surface layer, provided that sliding isa pile is sufficiently smooth such that an average surface
disallowed. If the coefficient for rolling friction is small normal vector to the pile can be determin@dte that this is
enough to be neglected, the stability of a sphere on the sue prerequisite to actually being able to define and measure
face layer, and consequently the determinationdof be-  6.), the base triangles associated with surface traps can be
comes a purely geometrical problem. For finite valueg.pf identified by a Delaunay triangulatig®] of the sphere cen-
other failure mechanisms can be expected to redydeom  ters at the surface layer, projected onto the plane of the mean

B. Approach
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pile surface. In such a triangulation, the number of triangles T T T T T
per surface layer sphere is exactly two, since the sum of all 60°F @ dimers
the interior angles of the triangles s (number of tri-
angles=2x X (number of surface particlgsAn intrinsic as-
sumption here is that the surface layer is similar to the “su- 40°T
blayer,” consisting of those spheres that would become part max
of the new surface layer if all the original surface particles

were removed simultaneously. The triangulation procedure 20
to identify the surface normal vector and all of the potential

surface traps is discussed in greater detail in Sec. V B. ‘ o

This ratio of surface trap to surface sphere density indi- 00 30°  60°  90° 1200 150° 180°
cates that in a stable pile, only half of the traps are actually )
filled. The pile will then find a stable configuration as long as
at least half of the surface traps are stable at the given tilt 1 T
angle of the pile, since surface spheres that are in unfavor- ()
able traps can roll down the slope until they find a vacant 0.8
trap of sufficient stability, assuming that they do not gain I
enough kinetic energy to knock other particles off their traps o 06
and cause an avalanche. Continuous failure of surface R
spheres will occur if there are never enough traps to stabilize
the entire layer.

This leads to the conclusion that the stability of the pile is 921 monomers\
actually determined by thenedian stability angle of the I . .\\ N
traps, not the mean. Nevertheless, as shown in Sec. 1V, the T 300 a5 60’ 750 o0
guantitative difference between this criterion and that studied 0
in Ref.[2] is small; about 1.6°.

monomers

~
~~————’

dimers

o<
©

FIG. 6. (a) Stability angle of monomergdashed ling and
dimers(solid line) on a close-packed surface as a function of ori-

IV. MONOMER-DIMER STABILITY entation(yaw) ¢. Monomer and dimer curves are identical for 0
ON A FLAT CLOSE-PACKED SURFACE < ¢p< /3. (b) The fraction of stable traps at a given tilt angle

. B . . ... corresponding to a population of monomeidashed ling and
Before launching a full-scale analysis of the pile stabllltydimers(solid ling) in surface traps with a uniform yaw distribution.

problem for random piles having random surface grain con-
figurations, it is instructive to consider the implications and
power of this approach to stability on a simplified system
consisting of a mixture of spherédmonomerg and dimers
sitting on a triangular close-packed lattice. The stability
analysis leading to Eq(1) can be extended to dimers.
Dimers sit in surface traps such that the vectors connectin
the centers of the two spheres forming the dimer are always 2

parallel to those of the edges of the base triangles, thus their ftad 0)= do’'p(6'), 4
orientation with respect to the downhill direction can be de- 0

scribed by the anglée as well. The resulting stability angle

the dimer, located where the two spheres meet, which makes
it more difficult to roll out of the surface traps. An alternate,
and perhaps more vivid, way of seeing the relative stability
of dimers with respect to monomers is to plot the fraction of
atable trapd ;o #) at a given tilt angles:

as a function of¢, defined in the interval { , ), is p(a)EJl AGPyaul 6) 30— Omad B)), (5)
tan iy (4) .
( _
1 Pal )= 5—, —m<p<m. (6)
2\/—2—3*@), | | <arctari3/3) g 2m
co
In the abovefg,{ 6) is defined in terms of the density of
_ V2 arctar3 \/§)<| bl <2m3 &) surface traps at a given stability ang}g,6). For this par-
co§ ¢p—2m/3)’ ' ticular case, the distribution of yawy,.( ¢), is assumed to
1 be uniform in the interval { 7, ), corresponding to an iso-
— 273<|p|< . tropic surface geometry. The resulting plot ©f.{6) for
L \/fcos{qb—w) monomers and dimers is shown in Figb and clearly

demonstrates the difference in their stability. Consequently,
The two functions defined by Eqél) and(3) are plotted  the critical angles of stability inferred from the median sta-
in Fig. 6(a). It is striking how much more stable dimers are bility angle for monomers and dimers are
compared to spheres for certain orientations of the traps. This
is due to the more favorable position of the center of mass of g "= 22.2°, (7)
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12F7 T ' T T pe of such surfaces. Agreement between theory and experiment
- o | improves significantly when such disorder effects are taken
Ir o T into account.
0.8 o ° -
=
& 06- o © L4 - ] V. MONOMER STABILITY ON A RANDOM SURFACE
e - - i . . .
04'_0__ _________ ] In generalizing the approach of the preceding section to
L ] random surfaces, we will assume that the stability of the pile
o2k 4 is still controlled entirely by the monomers. This assumption
: is likely to break down at very large dimer concentrations, so
05 R Y Y T that a comparison to experiments may not be appropriate in
Yy that case. However, it enables the determination of stability

) angles based entirely on the behavior of monomers, and
_ FIG. 7. Measured and calculated valuesffas a function of  4y0ids the full analysis of dimer surface traps, which would
dlmer weight fractiony . Clrcles:.experlment. Dashed line: com- i yolve a significantly larger number of characterization pa-
putation based on a randomly oriented, fAtse-packedurface. rameters. Monomer traps, on the other hand, are completely
_ characterized by their base triangle, formed by the centers of
f9m'=38.3°. (8)  the three supporting spheres.
There are two steps that are needed to obtain the mono-
Values obtained through the averaging procedure of Albertner DOS required to comput&(v4) through Eq(9). The
et al. [2] are only slightly larger:gT°"°™*=23.8° [10] and first step is to determine the stability criterion for individual
gdime'=39 5°, surface traps as a function of their shape and orientation. The
For a surface layer consisting of a mixture of spheres angecond step is to develop an adequate statistical description
dimers, with a dimer volume fraction of;, the stability of ~ Of the distributions of these surface traps as functions of the
the surface layer will be primarily controlled by the mono- Shape and orientation parameters identified in the first step.
mers, since dimers will be stable at most locations on the
surface atf, and do not need to be considered as surface A. Stability of a surface trap
particles for the purposes of the stability analyfdi$]. Thus, N
for a given tilt angle, the surface layer can find a stable For @ surface trap of specified geometry, represented by
configuration as long as the fraction of stable traps at thalfS Pase triangle, what is the angle to which the pile can be
angle,f..( 0), exceeds (% vq)/2, the density needed to ac- tilted until the trap can no longer stably support a_sphere _and
comodate all the monomers. the sphere would roll out? In order to answer this question,
The sequential filling of surface traps starting from theWe first need to quantitatively describe the geometry of the
most stable one is somewhat analogous to the filling of agurface trap with respect to the surface of the pile. This is
energy band in a fermionic system, withd,,,, for a trap ~ 90oNn€ in the Appendix, where the yagy roll ¢, and tilt 6 of
corresponding to the enerdyof a fermionic statep(6) can & Pase triangle are defined and illustrated. _
then be interpreted asdensity of state¢DOS). The mono- The determ|nat|or_1 of sta_b|I|ty criteria as a function of
mer pile is analogous to a half-filled energy band and theé¥"aPe, yaw, and roll is a straightforward yet lengthy task. We
addition of dimers lowers the filling fraction from 1/2. Thus, N@ve used &IATHEMATICA notebook to compute the stability
the critical stability angleﬁﬂ“x(vd) is determined by the diagram for equilateral traps as a function of normalized av-
Fermi energyof the system at the given filling fraction, de- erage eqlge Iengtﬁz(ll+lz+lg)/(3d), yaw ¢, and roll ,
fined through the implicit relation whered is the diameter of the s_pheres. o
The dependence of the maximum stability angle,, on
afor traps with=0 is plotted in Fig. &). It is clear that an
foad grcnix( V)= _ Vd_ (9) increase ima significantly increases the stability of the trap.
2 In order to estimate the value affor a random packing of
spheres with a given packing fractidp, let us consider the
This relation has been plotted as a dashed line along witketrahedra in a Delaunay tessellation of the packing. Pro-
experimental data fod. in Fig. 7. Although it captures the vided that the number of tetrahedra per sphere do not change
essential features of the dependence on the dimer mass fredor the packings of interest, the average volume of the tetra-
tion and provides a compelling mechanism for this effect, thehedra will vary asV,~® . Spheres on the surface layer-
results are not quantitatively comparable. The origin of thewill settle into the minima of their traps, thus thetetrahedra
discrepancy lies primarily in the simplifications made in they form together with their three supportingspheres always
characterizing the surface: The distribution of shapes antiave three edges whose lengths are equal to the diacheter
orientations of surface traps due to the disordered packing ofhus, the average edge length of the faces that form the base
the pile will broaden the DOS spectrum and consequentlyriangle is expected to vary dg,~® 2 Since all edge
change the values obtained féy. In Sec. V, we include the lengths are equal ta for the densest packing witlb,
most relevant of such distributions in the analysis and com=0.74, the estimate for the average normalized edge length
pare results to available experimental data on the propertiesf the base triangles is
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FIG._ 8. The maximum stability anglé,, ., of equilateral traps as Standard Deviation
a function of(a) normalized edge length for roll =0, and yaw
¢=0 (solid line) and ¢ = 30° (dashed ling (b) (Color onling 6,4 FIG. 9. The dependence @ for a monomer pile as surface

as a function of yawp and roll ¢ for a=1.13.

—1/2

properties are changed from a randomly oriented, flat, close-packed
surface with no roll(a) An increase in the normalized edge length
a for equilateral traps stabilizes the traps and increakes(b)

(10) Individual effects of including a Gaussian roll distributi¢totted

line, destabilizing, tilt distribution (dashed line, stabilizing and

For the monomer pile witlb =0.58, this givesa=1.13,  the combined effect of a simultaneous roll and tilt distribution with
in agreement with direct measurements done on the(pdle  the same standard deviatig¢solid line, either stabilizing or desta-

Sec. V B.

bilizing).

Figure 8b) shows#,,. against¢ and ¢ for surface traps
with a=1.13. (For certain values of yaw and roll, there is no lengthad, with uniformly distributed yaw angles and Gauss-
tilt angle for which the traps are stable, and thereféjgy is ian roll and tilt angle distributions:

undefined.

The analysis in Ref[2] is more limited in the types of Pshapkl1:12,13)=6(I1—ad)é(l,—ad)d(13—ad), (11)
surface traps it considers, as it only looks at traps veith
=1 andy=0. As seen in Fig. 9, roll and edge length have a 1
great potential impact on the stability of a surface trap. Al- Pyaul ) = o T< <, (12
though thevATHEMATICA notebook can determine the stabil-
ity diagram for the most general case, we will restrict our

analysis to equilateral traps in order to keep the subsequent

analysis tractable. Pron( )= ~e Vi), (13
\/27TU'¢
B. Statistical description of traps on the surface of a pile
Having characterized and obtained stability criteria for a (0= 021207
given surface trap, the next task is to obtain a statistical Prin(0) = - pilel 106, (14
description of their population, through probability density 2may

functions (PDFS9. In this study, we will neglect short-range

correlations between adjacent traps, e.g., associated with tie the above{l;} correspond to the edge lengths, ando,
sharing of edges, and assume that they are drawn indepeare the standard deviations of the roll and tilt distributions,
dently from an ensemble described by PDFs for the values adnd 6, is the average tilt of the pile surface. We will ne-
edge lengths, yaw, roll, and tilt. For the present, we willglect the variability in the shapes of the traps and focus on
assume that all traps are equilateral triangles with edgequilateral traps of uniform size in order to study the effect
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Monomer Pile Dimer Pile

FIG. 11. Measured and calculated values offtaas a function

§

v v of dimer weight fractionvy . Circles: Experiment. Solid line: Com-
BT T T T 1 O T T T T T T T T T7 : o - .

L j L . putation based on the statistical description of surface traps given
N by Egs.(11)—(14). Dashed line: Comparison to the earlier result
g‘s_‘ based on a randomly oriented, flat, close-packed surface, repro-

Lo duced from Fig. 7.
5_ - -
O 0 O 1 20° 3 40 5 oo 070 & 10° 20° 30° 40° 50° 60° 70° 80° 90° the pure monomer and pure dimer piles.

0 6 The comparison between the monomer and dimer piles
revealed a moderate increasengfando, from about 15° to

20°, indicating a roughening of the surface along with the
originally observed reduction in packing fraction. The aver-

of orientational disorder. If desired, the subsequent analysi@9€ €dge length increased from 1.13 to 1.18, in agreement

can be generalized to study the impact of disorder in thé(‘”th Eq. (10). Due to the modest changgs in thgse param-
shapes of the traps as well. eters, we have used the trap characteristics obtained from the

The orientational PDFs are motivated by assuming thaanOTer p|Ie_ n thhe combplgtatg)_n @l forﬁll the_ m||:>_<tubre
the pile surface was created with no initial tilt, and rotation-P!'eS: Integrating the stability diagram shown In igbB

ally isotropic in the plane of the surface, and that little or noWith the PDFs given in Eqs11)—(14) to obtain the appro-

rearrangement took place in the surface traps during the Sug_riatep(e)rg(wough a generalized form of E(), we finally
sequent tilting of the pile. This would result in a uniform COMPUtedc(vg) through Eq.(4). The result is shown in

PDF of yaw, and nearly identical PDFs for roll and titt Fig. 11 as a solid line, and agrees well with experiment for
~a,) [12]. 0<v4<0.6, particularly considering that all the parameters

Figure 9 depicts how, for a monomer pile changes as a have been provided by in_dependent measurem_ent. No adjust-
function of change in(@) the trap size parameter and (b) able p_arameters remain in the model, sugges_tlng t_haj[ the_as-
the standard deviations of roll and tilt distributions, both in-SUmption of monomer failure at the surface is valid in this
dividually and jointly. From these plots, it becomes clear that@nge. The disagreement at larggris not surprising, given
we need additional information about the grain-scale roughthat the pile is comprised almost entirely of dimers, and the
ness of the surface in order to quantitatively predigfor ~ 2ssumption of monomer failure in the theory is expected to
the monomer-dimer piles. breajg down in tr_ns limit, resulting in an overestimate of the

In order to test whether real surfaces of piles exhibit theStaPility of the pile.
assumed behavior, and to obtain representative values for the
average tr_ap size and the width of yaw, roll, and tilt distribu- VI. DISCUSSION
tions, we imaged a portion of the surface of a monomer and
a dimer pile(see Sec. )l The shape and orientation of sur-  An interesting connection can be made between the main
face traps were identified as follows: After locating the cen-findings of this work and the seemingly unrelated problem of
ters of the particles on the surface layer by stereographithe initial increase in the critical angl as a wetting fluid is
imaging, we computed the average surface of the plane by gradually introduced to an initially dry sandpile. Recent ex-
least squares fitting of the centers of mass to a plane. We thgrerimental and theoretical studies have shown that small
performed a Delaunay triangulation of the particles projectedjuantities of liquid added to a sandpile comprised of rough
on to this plane in order to identify all base triangles associspherical grains can cause sufficient intergrain adhesion so
ated with potential surface traps. We then measured the yawhat the angle of repose after failui#3] and also the maxi-
roll, and tilt of all the base triangles and created histogramsmum static angle of stability of the sandpile before failure
We observed a uniform yaw distribution within a character-[4], known as the critical anglé., greatly increase. A con-
istic sampling error, justifying the use of EGL2). We also  tinuum theory that links stress criteria for the macroscopic
determined the standard deviatiofis, ,o,} from the roll  failure of the wet pile to the cohesion between grains, which
and tilt histograms. The histograms are shown in Figs. 10 foin turn is attributed to the formation of liquid menisci with

FIG. 10. Histograms of yaw, roll, and tilt distributions for the
piles shown in Fig. 4. Left: monomer pile, Right: dimer pile.
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radii of curvature that were determined by the surface roughtheory. By comparing the macroscopic average property of
ness characteristics of individual grains, has provided a sathe pile, the critical angle, with the grain-scale structure on
isfying quantitative explanation of the increasefigfwith the  the pile’s surface obtained through imaging, we are able to
liquid volume fraction and air-liquid interfacial tension show which aspects of the surface structure are important for
[4,14)]. determining the value of the critical angle.

In this theory, each intergrain meniscus is assumed to ex- For instance, the treatment of the critical angle of a ran-
ert the same average attractive force everywhere in the pilelom pile of monomers that considers only the mean angle of
This assumption appears to be valid for sufficiently wetstability for a grain on a close-packed surface, averaged over
sandpiles; however, when the volume of the wetting fluid isthe yaw angle, may give a value close to the measéed
small enough, this theory is incapable of explaining the databut is this just a fortuitous agreement? Our results show that,
There are two principal features of the small-fluid-volumeby averaging over realistic distributions of yaw and tilt, the
data that are incompatible with the continuum thepkd]. more realistic median critical angle drops below the ob-
The first is that the increase i, with small amounts of servedd.. However, because the pile is random, the inter-
wetting fluid is independent of the surface tension of thatgrain separation has a distribution itself, and the average
fluid [4,15]. The second is that, in order to quantitatively fit edge length of a triangular surface trap is slightly greater
the data, one must assume that a small fraction of the wettinthan the grain diameter. This increase in the edge length of
fluid is sequestered on the grains in such a way that it doethe surface trap, as compared to a perfectly close-packed
not participate in the formation of intergrain menisci thatsurface, increases the stability of a sphere in the trap. Indeed,
contribute to the adhesive stresses within the pile. It is poswe believe that it is the combination of the destabilizing
sible that, at vanishingly small fluid coverage, the physicalinfluence of the roll distribution, along with the stabilizing
and/or chemical inhomogeneities of the grains’ surface premnfluence of the larger edge length that gives the random pile
vent the transport of the wetting fluid from one mensicus toof rough spherical grains its rather well-established value of
another, thereby allowing a wide distribution of intergrain 6.~23°.
cohesive forces. Thus, the original dry monomer-dimer pile The merit of this approach is further demonstrated by the
that was considered in this work can be thought of as amuantitative agreement between theory and experiment for
extreme limit of such inhomogeneous adhesion, with a bimopiles with up to 60 wt % dimer concentration. The stability
dal distribution in which each contact is either completelyof dimers in surface traps of various shapes and orientations
dry (intergrain contacjsor well wetted(strong adhesion— could be analyzed in order to extend the range of validity of
dimer bond. the computation, but such an undertaking is beyond the

The observed initial linear increase in t@nwith fluid scope of this paper.
content[4,15] can thus be explained in the context of a By clarifying the role of surface failure in the stability of
monomer-dimer pile in which the “effective” dimer concen- piles by connecting macroscopic measurements of stability
tration is proportional to the fluid content. Provided that theangle to grain-scale composition, these results for a well-
formed contact menisci are strong enough and relatively dieharacterized sandpile also provide quantitative insight into
lute, the wet pile can be expected to respond similarly to aimilar measurements of the angle of repose after dynamic
pile with a small fraction of dimers. One would expect thatfailure of less well-controlled piles of spheres and cylinders
clusters with grains having more than one cohesive contace.g. peas and rige From this perspective, dimers may be
with neighboring grains would form in the wet sandpile asimagined as short elongated grains that have surface irregu-
the threshold volume fraction is approached, and, above thiarities of the same order as the grain size. These irregulari-
threshold volume fraction, the picture of an average cohesiviées promote the strong interlocking of adjacent grains, which
force holding grains together everywhere in the pile wouldinhibits the failure of the pile more than the typical contacts
become tenable. The data in R€#4,15] suggest an equiva- between smooth cylinders and ellipsoids.
lent v4 of about 0.12 at the threshold liquid volume fraction. It may be possible to extend the presented work to sys-

tems involving trimers and higher order clusters of grains
[1]. However, such clusters can have many different shapes,
VIl. CONCLUSION and to simplify the theoretical treatment, it may be necessary

By introducing dimer grains in a sandpile comprised oft0 restrict allowed shapes to close-packed or linear struc-
rough spherical monomer grains, we have shown that thirés. Along a different direction, reducing the grain-grain
critical angle of the sandpile can be nearly doubled in thdTiction coefficient, will allow sliding failure modes and
limit of high dimer content. Qualitatively, this result is not so thereby lower the critical angle of the sandpile. Densification
surprising, given the significant number of previous mea-°f the pile through tapping might also change the angles of
surements of the angle of repose of mixtures of cylindrical oStability.
spheri-cylindrical grains with spherical grains that have also
shown an increase._ However, j[he use of dimers, rather than ACKNOWLEDGMENTS
other elongated objects, permits the random surface of the
pile to be described as a collection of spheres that form tri- We thank P. Chaikin, Z. Cheng, G. Grest, and P. Schiffer
angular surface traps. These triangles have a distribution dbr stimulating discussions and suggestions. A.J.L. was sup-
edge lengths and yaw, roll, and tilt angles that can be directlported in part by the National Science Foundation under
obtained through stereo imaging and can be included in &rant No. DMR-9870785.
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A more useful parametrization than the relative positions
of the vertices can be given as followsee Fig. 12 The
shape of the base triangle is characterized by the lengths of
its edges. The two remaining edge lengths can be unambigu-
ously labeled a$, andl 5 anticlockwise around the triangle
when observed from the viewpoint abote largez). This
leaves three angles that determine the orientation. The plane
in which the base triangle resides is describedddly ¢ and
tilt #. Similarly, the orientation of the triangle in the plane
with respect to the downhill direction is described by yiasv
¢, as depicted in Fig. 1216].

Given these parameters, the original base triangle can be
reconstructedmodulo translationsas follows: Place a tri-
angle with given edge lengths in thxg plane such that the
shortest edge is parallel to theaxis and “downhill” from
the vertex across it, i.e., theordinate of the vertex is larger.

FIG. 12. The geometry of a surface trap, characterized by itslhen, rotate the triangle around thaxis by thes, y axis by
yaw ¢, roll ¢, and tilt 8, as well as the edge lengtfis} of its base ¢, and finally, thex axis by 6. With the proper labeling of
triangle. vertices as described above, every triangle is uniquely iden-

tified except for degenerate casgsosceles and equilateral
APPENDIX: PARAMETRIZATION OF A SURFACE triangles_), in Which_ case the stab_ilit_y criteria are identical and
TRAP—YAW, ROLL, AND TILT the parucular cho_|ce.of angles is |mn_1ater|al.
This parametrization has two main advantages, both of

Here we define the parameters that describe the shape andhich facilitate statistical averaging over many traps, per-
orientation of a base triangle that connects the centers dbrmed in Sec. V B.
mass of the three supporting spheres that form a surface trap. (i) The shapes and orientations of surface traps are very
The geometry is shown in Fig. 12. The coordinate system isikely to be statistically independent of each other, and there-
fixed such that gravity is in the-z direction, and the pile, fore they will have independent probability distributions.
whose mean surface is initially in they plane, is “tilted” by  Splitting the parameters that describe these two attributes
rotating it around thex axis. Since the overall translation of avoids dealing with joint probability distributions across
the triangle has no effect on trap stability, the vertex acrosshese two classes of parameters.
the shortest edgevith lengthl;) has been arbitrarily placed (i) Tilting the pile does not change the yaw and roll of a
on thez axis for ease of illustration. The base triangle can besurface trap. Thus, atability interval [ 6yin,0max] can be
fully specified by the positions of the two remaining verticesdefined for a surface trap of given yaw and roll, correspond-
relative to the first one; this leaves six parameters to be ddang to all the values of tiltd for which the trap can stably
termined. support a surface particle.
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